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Abstract
Motivated by a 1994 result of Graham et al. (Amer. Math. Monthly 101(7) (1994) 664) about spanning trees of the graphs with
an antipodal isomorphism, we introduce the concept of k-pairable graphs and extend the result in Graham et al. (Amer. Math.
Monthly 101(7) (1994) 664) to this larger class of graphs. We then deﬁne a new graph parameter p(G), called the pair length
of graph G. This parameter measures the maximum distance, in some sense, between a subgraph induced by half the vertices
of G with the isomorphic subgraph induced by the other half of V (G). An upper bound for the parameter p(G) is given. Some
properties of the k-pairable graphs and their product graphs are studied. We also post some problems for further research.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction
In 1994, Graham et al. [2] elegantly proved the following TheoremA on hypercubes, and also gave TheoremA′ which extends
TheoremA to the graphs with an antipodal isomorphism.
Theorem A. For every spanning tree T of the hypercubeQn, there exists an edge e ofQn outside T whose addition to T forms
a cycle of length at least 2n.
Theorem A′. Assume the graph G has an antipodal isomorphism. Then for every spanning tree T of G, there exists an edge e
of G outside T whose addition to T forms a cycle of length at least two times the diameter of G.
(The condition of Theorem A′ is detailed by the following Deﬁnition A.)
In this paper we will further extend Theorem A′ to a more general class of graphs called k-pairable graphs.
Note that all graphs considered here are connected and simple.We follow the standard terminology (refer to [1], for example).
In particular, “the vertex x is adjacent to y” is simply denoted as x adj y; and d(x, y) is used to denote the distance between two
vertices x and y in a graph which can be seen from the context. The eccentricity of v ∈ V (G), denoted as e(v), is the maximum
of d(u, v) taken over all vertices u of G. The diameter of G, denoted as d(G), is the maximum eccentricity of the vertices of G.
The radius of G, denoted as r(G), is the minimum eccentricity of the vertices of G.
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Deﬁnition A. The graph G has an antipodal isomorphism if
(i) e(v)= d(G) for every v ∈ V (G),
(ii) for every v ∈ V (G), there exists a unique v ∈ V (G) such that d(v, v)= d(G), and
(iii) the map  : V (G) → V (G) deﬁned by (v)= v is an isomorphism of G.
Here we need to give the following:
Remarks.
(1) In TheoremA, n must be greater than 1, and
(2) In Theorem A′, the extra condition |V (G)|> 2 should be added, since otherwise the complete graph K2 on two vertices is
a counterexample.
Deﬁnition 1. Let k be a positive integer. A graph G is said to be k-pairable if
(i) V (G) can be partitioned into disjoint pairs, that is, V (G) = P1 ∪ P2 ∪ · · · ∪ Pn with |Pi | = 2 for all i, and Pi ∩ Pj = ∅
for all i = j. (Note: If two vertices x and y are in same pair Pi , then we say x is the mate of y and y is the mate of x, which is
denoted as x = y′ and y = x′.)
(ii) d(x, x′) k, for every x ∈ V (G), and
(iii) for any vertices x, y of G, x adj y implies x′ adj y′.
Any partition of V (G) satisfying these three conditions is called a k-pair partition of G. So, a graph G is k-pairable iff G has
a k-pair partition. Clearly, any k1-pairable graph is k2-pairable if 1 k2 k1. In particular, all k-pairable graphs are 1-pairable.
Note that in a k-pairable graph each vertex x and its mate x′ have same number of neighbors. Then we can get a necessary
condition for a graph G to be k-pairable, that is, the number of vertices with same degree r in G must be even for any r. In
particular, any k-pairable graph has a positive even number of vertices.
It is also easy to see that if G has an antipodal isomorphism then G is k-pairable with k = d(G). However, the converse is
not true; the complete bipartite graph Kn,n is a counterexample for every even number n> 2, since Kn,n has diameter 2 and it
is 2-pairable, but Kn,n does not have any antipodal isomorphism. So, the class of k-pairable graphs is larger than the class of
graphs with antipodal isomorphisms.
In Section 2, we ﬁrst extend the main result of [2] to the k-pairable graphs (k > 1). Then we deﬁne a new graph parameter
p(G), called the pair length of a graph G. This parameter measures the maximum distance, in some sense, between a subgraph
induced by half the vertices of G with the isomorphic subgraph induced by the other half of V (G). An upper bound for the
parameter p(G) is given. Some properties of the k-pairable graphs and their product graphs are studied.
We post some problems for further research in Section 3.
2. Results
Theorem 1. If G is a k-pairable graph (k > 1), then for every spanning tree T of G, there exists an edge e of G outside T whose
addition to T forms a cycle of length at least 2k.
Proof. The proof is similar to that for Theorem A as given in [2]. Since G is k-pairable, G has a k-pair partition. So, for each
vertex x of G, there is a unique path Px from x to its mate x′ in T; orient its ﬁrst edge toward x′. Since the tree T has more
vertices than edges, the pigeonhole principle implies there is an edge uv of T which has received two opposite orientations. By
the given condition on G, the distance between u and u′ (and between v and v′) is at least k in G and hence is at least k in T . So,
Pu ∪ Pv is a path P between u′ and v′ in T, and the length of P is at least 2k − 1. Since u adj v in G implies u′ adj v′ in G, and
the condition k > 1 guarantees that u′v′ is not identical with the path P, we can see that the addition of u′v′ to the path P yields
the cycle sought. 
From the proof of Theorem 1, we immediately have the following result.
Corollary 1. If G is a k-pairable graph, then every spanning tree T has diameter at least 2k − 1.
Corollary 2. If G is a k-pairable graph, then k |V (G)|2 , and the equality holds iff G is a cycle of even length or the complete
graph K2.
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Proof. When k > 1, Theorem 1 guarantees the existence of a cycle of length at least 2k. So, k |V (G)|2 , and the equality holds
iff G is a cycle of even length. When k = 1, since any 1-pairable graph has at least 2 vertices by deﬁnition, the inequality holds.
Obviously, the equality 1= |V (G)|2 holds iff G=K2. 
Now we introduce a new graph parameter below.
Deﬁnition 2. The pair length of a graph G, denoted as p(G), is the maximum k such that G is k-pairable; p(G)= 0 if G is not
k-pairable for any positive integer k.
The following facts are obvious.
• If G is not 1-pairable then p(G)= 0, since every k-pairable graph is 1-pairable for any positive integer k.
• All graphs G with odd number of vertices have p(G)= 0.
Example 1. For graphs with even number of vertices, it is not difﬁcult to see
(1) All complete graphs K2n have p(K2n)= 1.
(2) All cycles C2n have p(C2n)= n.
(3) All trees T2n have p(T2n) 1. (By Theorem 1.)
(4) All paths P2n have p(P2n)= 1.
It is obvious that for any graph G, we have p(G) d(G). If G has an antipodal isomorphism, then p(G) reaches the upper
bound d(G). However, the converse is not true, which can be seen from the complete bipartite graphs Kn,n (n an even number
greater than 2) as we mentioned before.
Now we shall give a better upper bound for the pair length p(G).
Corollary 3. For any graph G, p(G) min{r(G), |V (G)|2 }.
Proof. Obviously, we may assume k = p(G)> 0. By Corollary 2, p(G) |V (G)|2 . Let v be a vertex with e(v) = r(G). In an
arbitrarily chosen k-pair partition of G, let v′ be the mate of v. Then k d(v, v′) e(v). Therefore p(G) r(G). 
Example 2. For the complete bipartite graph Kn,n,
p(Kn,n)=
{
2, when n is even,
1, otherwise.
Proof. If n is even, it is easy to get a 2-pair partition of Kn,n. So, p(Kn,n) 2. Then, the equality holds by Corollary 3.
If n is odd, then for any k-pair partition ofKn,n, theremust be at least one pair containing two adjacent vertices. So,p(Kn,n) 1.
Since the existence of a 1-pair partition is obvious, we have p(Kn,n)= 1. 
For any k-pairable graphG, it is not difﬁcult to see that there are at least 2n−1 ways to partition V (G) into two disjoint subsets
V and V ′ of equal size such that the induced subgraphsG(V ) andG(V ′) are isomorphic, where n=|V (G)|/2. Hence k-pairable
graphs have some special kind of symmetry which is different from the well-known types of symmetry such as vertex-transitive,
edge-transitive or distance-transitive. We also can see that the parameter p(G) measures the maximum distance, in some sense,
between a subgraph induced by half the vertices of G with the isomorphic subgraph induced by the other half of V (G).
Now we will study the product of k-pairable graphs. Recall that the product G1G2 is the graph with the Cartesian product
V (G1)× V (G2) as its vertex set, in which (u, v) adj (x, y) if and only if either u= x and v adj y in G2 or v = y and u adj x in
G1.We need the following well-known result on product graphs (refer to [3, Corollary 1.35], for example).
Lemma 1. In the product graph G1G2, d((u, v), (x, y))= d(u, x)+ d(v, y), for any two vertices (u, v) and (x, y).
Theorem 2. If Gi is a ki -pairable graph for i = 1, 2, then
(i) G1G2 is (k1 + k2)-pairable.
(ii) p(G1G2)p(G1)+ p(G2).
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Proof. (i) Let |V (G1)| = 2a, and |V (G2)| = 2b. By the deﬁnition of k-pairable graphs, we have a k1-partition of G1
V (G1)= {u1, u′1} ∪ {u2, u′2} ∪ · · · ∪ {ua, u′a},
and a k2-partition of G2
V (G2)= {v1, v′1} ∪ {v2, v′2} ∪ · · · ∪ {vb, v′b}.
Then we can partition V (G1G2) as disjoint pairs as
V (G1G2)=
⋃
i,j
({(ui,vj ), (u′i , v′j )} ∪ {(u′i , vj ), (ui,v′j )}),
where i runs from 1 to a and j runs from 1 to b.
Now, letting (ui,vj )′ = (u′i , v′j ) and (u′i , vj )′ = (ui,v′j ), we can show that the above partition is actually a (k1 + k2)-pair
partition as follows.
First, by Lemma 1, we have d((ui,vj ), (ui,vj )′) = d((ui , vj ), (u′i , v′j )) = d(ui,, u′i ) + d(vj , v′j ) k1 + k2. Similarly,
d((u′
i
, vj ), (u
′
i
, vj )
′)= d((u′
i
, vj ), (ui , v
′
j
)) k1 + k2.
Next, if (x, y) adj (ui,vj ) in G1G2, then either x adj ui in G1 and y = vj , or x= ui and y adj vj in G2. Without loss of
generality, we may assume the former case. Then (x, y)′ = (x′, y′) = (x′, v′
j
). Since (ui,vj )′ = (u′i , v′j ), and x adj ui in G1
implies x′ adj u′
i
in G1, we have (x, y)′ adj (ui,vj )′ in G1G2. This proves (i).
(ii) From (i), we see that it is true when both p(G1) and p(G2) are positive. It is obvious when p(G1)= p(G2)= 0. So we
may assume that p(G1)= k > 0, and p(G2)= 0. Let V (G1)= {u1, u′1} ∪ {u2, u′2} ∪ · · · ∪ {un, u′n} be a k-pair partition ofG1.
It is not difﬁcult to see the following is a k-pair partition of G1G2:
V (G1G2)=
⋃
v∈V (G2)
({(u1, v), (u′1, v)} ∪ {(u2, v), (u′2, v)} ∪ · · · ∪ {(un, v), (u′n, v)}).
Therefore, p(G1G2)p(G1)+ p(G2). 
Note that by mathematical induction Theorem 2 can be easily generalized to product graphs with more than two factor graphs.
From Theorem 2 we immediately get the following:
Corollary 4. If G is a k-pairable graph, then
(1) GK2 is (k + 1)-pairable.
(2) GC2n is (k + n)-pairable.
Example 3. For the hypercubeQn, p(Qn)= n.
Proof. Obviously,Q1 =K2 is 1-pairable. SinceQn+1 =QnK2, we can use Corollary 4(1) to deduce thatQn is n-pairable
by induction. Since the radius ofQn is n, we get p(Qn) n by Corollary 3. Thus, we have p(Qn)= n. 
By Theorem 1 we see that Example 3 also implies TheoremA.
Corollary 5. LetG=CmCn be a torus with m and n both even numbers. Then for every spanning tree T of G, there exists an
edge e of G outside T whose addition to T forms a cycle of length at least m+ n.
Proof. By Theorem 2, G is m+n2 -pairable. Then use Theorem 1. 
Note: It should be pointed out that the result in Corollary 5 does not hold ifm and n are not both even. For example, inC3C3,
it is easy to get a spanning tree T with radius 2. So, the addition of any edge outside T forms a cycle of length at most 5.
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3. Open questions
We post the following open questions for further research:
(1) For any integer k 0, how to characterize the graphs with p(G) = k? In particular, how to characterize the graphs with
p(G)= r(G)?
(2) We have known that p(G1G2)p(G1)+p(G2) from Theorem 2(ii). It is not difﬁcult to see that r(G1G2)= r(G1)+
r(G2) from Lemma 1. So, if p(G1) = r(G1) and p(G2) = r(G2) then the equality p(G1G2) = p(G1) + p(G2) must
hold by Corollary 3.
Is it true that p(G1G2)= p(G1)+ p(G2) in general?
(3) In the note following Corollary 5 we pointed out that the result about the spanning trees of the torus CmCn in Corollary
5 does not hold if m and n are not both even. Then, what is the best result we can have for CmCn in such case?
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